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Abstract 
Assign positive integer weights to the edges of a simple graph G (with no isolated edges and 
vertices) of order at least 3 in such a way that the graph becomes irregular, i.e. the weight sums 
at the vertices become pairwise distinct. The minimum of the largest weights assigned over all 
such irregular assignments on the union of t copies of the complete graph with p vertices, p >~ 3, 
is determined. A recent conjecture of Faudree et al. is disproved. 
1. Introduction 
Let G = (V, E) be a simple graph with no K 2 component and at most one isolated 
vertex. A network G(w) consists of the graph G together with an assignment 
w:E(G) ~ Z +. The strength of the network G(w) is defined by s(G(w)) = max {w(e): 
e E E(G)}. For each vertex v e V(G), define the weighted egree w(v) in G(w) by the 
sum of the assignments of the edges incident o v and call G(w) irregular if for all 
distinct u, v ~ V(G) w(u) ~ w(v). A sequence dl, . . .  ,dp of nonegative integers is called 
a weighted egree sequence of a network G(w) if the vertices of G(w) can be labelled 
vl, v2 ..... vp such that w(vl) = di for all i. The irregularity strength of the graph G is 
defined to be 
s(G) = min {s(G(w)): G(w) is irregular}. 
Thus the irregularity strength of a graph G is the smallest strength of all irregular 
weight assignments. 
The problem of finding irregularity strengths of graphs was proposed by Chartrand 
et al. [1] and has proven to be difficult, in general. There are not many graphs for 
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which the irregularity strength is known. For a survey see recent papers [2-5]. The 
present paper deals with the irregularity strength of the union of t copies of 
the complete graph Kp of order p, i.e. the graph tKp, t/> 2, p >~ 3. (Note that L x_J is the 
largest integer not larger than x and I-x-] denotes the smallest integer not smaller 
than x.) 
The irregularity strength of tK3 was determined in [4]: 
s(tK3) = ~'[-(3t + 1)/2]+ 2 for t - 3(mod4), 
~[-(3t + 1)/2]+ 1 otherwise. 
By [3], s(tK4) = [-4t + 2)/3"] for all t ~> 2. Moreover, there are several proofs of the 
fact that 
s(Kp) = 3 for all p ~> 3. 
Faudree et al. [-3, p. 53] have conjectured that 
s(tKp) = F(pt + p - 2)/(p - 1)] for all t i> 2, p > 3. 
We give the precise result for s(tKv) which differs slightly from the conjecture. The 
smallest counterexample is p = 6 and t = 11. 
Theorem. For all t >~ 2 and p > 3 it holds 
s(tKp) = ~[ - ( tp  + p - 2)/(p - 1)-] /f Ltpl2_J =- 0(mod2), 
~[- ( tp+p 1)/(p 1)] i fLtp/2J=-  l(mod2). 
2. Irregular complete networks 
Let Kp be a complete graph of order p with the vertex set V(Kp) = { 1, 2 . . . . .  p} and 
let w(i,j) denote the weight of the edge ij. For the purposes of this paper it is 
convenient to consider every network G(w) of order p to be a complete network on 
p vertices with non-edges as edges of zero weight. Such a network will be called 
"complete". 
First we prove the following extension of Lemma 2 of [3]. 
Lemma 1. For n >~ 5 let D = (a, b, b + 1 ..... b + n - 3, c) be a sequence of integers 
with O ~ a ~ n -1 ,  a + l <~ b <~ a + 2, b + n - 2 <~ c <~ b + n -1  and with even 
sum Then there exists a network G(u) with weighted degree sequence D and with 
strength 
I rc / ( . -  , I t  ,, 
(G iu ) )  = s ~ 
2 i f c=n-1 .  
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Proofi For 0 ~< a ~< n-2  see [3, Lemma 2]. For a = n -  1 consider four cases 
depending on the sequences: 
(1) D1 =(0 ,1 ,2  . . . . .  n-2 ,  n -  1), 
(2) D2 = (0, 1, 2 . . . . .  n - 2, n), 
(3) D 3 = (0, 2, 3 . . . . .  n - 2, n - 1, n) and 
(4) D4=(0 ,2 ,3  . . . . .  n -2 ,  n - l ,n+l ) .  
Case (1). Suppose D1 has even sum. By Lemma 2 of [3] there exists a "complete" 
network G(wl ) with weighted egree sequence Da and s(G(wl)) = 2. We associate with 
the network G(w~) a new "complete" network G(ff~) of order n in the following way: 
For every i,j ~ {1,2 .. . . .  n}, i ~:j, let ~l( i , j )  = 2 - wl( i , j ) .  Clearly the obtained net- 
work G(~I) has the required weighted degree sequence D=(n-1 ,  n, 
n+ 1 . . . . .  2n -2)  and 
s(G(~l ) )  = 2 = ~c/(n - 1) 7. 
Case (k), k = 2, 3, 4. Suppose D k has even sum. Similarly as in the previous case, by 
Lemma 2 of 1-3] there exists a "complete" network G(Wk) with the weighted degree 
sequence DR and the strength VCk/(n -- 1)7 = 2 where c2 = n, c3 = n and c4 = n + 1. 
The network G(Wk) with the required weighted degree sequence D, is now obtained 
from the network G(Wk) by letting ~k( i , j )=  Wk( i , j )+ 1 for every i , j e  {1,2 .... ,n}, 
i ~ j. Now it is easy to check that c = 2n - l, 2n - 1 or 2n if k -- 2, 3 or 4, respectively, 
and that 
s(G(wk)) = [c/(n -- 1)1 = 3, [] 
Corollary. The network G(Wk) , k = 2, 3,4, is a complete irregular network. 
Lemma 2. Let  D = (d l ,d  2 . . . . .  dp) be a sequence of p/> 4 positive integers with even 
sum. I f  dl >~ p - 1, 1 ~< d E -d l  ~< 2, 1 <~ dp - dp_ 1 <~ 2, and d~+ 1 - dj = 1 for  
j = 2, 3 . . . . .  p - 2, then there exists a complete network G(w) with the weighted degree 
sequence D and with 
s(G(w)) = [d,,/(p - 1)] + z, 
where z = 1 if D = (p - 1, p .. . . .  2p - 2) and z = 0 otherwise. 
Proof. Suppose D = (p -  1, p , . . . ,2p -  2). By Lemma 1 there exists a "complete" 
network G(u) (having some edges of zero weight) with weighted degree sequence 
(0, 1 . . . . .  p - 1) and strength 2. If we increase the weight of every edge of G(u) by 1 we 
obtain the required complete network G(w). 
Suppose D :~ (p - 1, p, ... ,2p - 2). Put q = Ldl/(p - 1)J. I fp  - 1 does not divide 
dl then we apply Lemma 1 with n = p, a = dl - -q (p - -  1), b = d2-  q(p -  1) and 
c = dp - q(p - 1) to construct a network G(u). If p - 1 divide d~ then Lemma 1 is 
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applied with n=p,  a=dl - (q - l ) (p -1 ) ,  b=d2- (q -1) (p -1)  and 
c = dp - (q - 1)(p - 1) to once again construct a network G(u). Now, let us add to 
G(u) all the non-edges as edges of zero weight. The result is a "complete" network 
G(ff). Increase the weights of all edges of G(~) by q in the former and by q - 1 in the 
latter case. Because q >~ 1 and each weighted degree increase by q(p-  1) or 
(q - 1)(p - 1), respectively, we get a complete network G(w) (with no edges of zero 
(weight) with the weighted degree sequence D and with strength 
~c/(p -- 1) ] + q = ~d~/(p - 1)] or ~c/(p - 1)] + (q - 1) = rdp/(p - 1)-], respective- 
ly. [] 
3. Proof of the theorem 
We begin by presenting three useful lemmas. 
Lemma 3.k (k = 1, 2). For every positive integer d[ k) there exists a sequence of  p >1 4 
positive integers D tk) = (d[ k), d[ k), d tk)} with even sum such that • ' ' ,  p * 
(1) d[ k) - d[ k' = k, 
(2) 1 ~< d~ k) - d~k~-, <~ 2, 
(3) d ~kJ - d tk) = 1 for  all j = 2, 3 ..... p - 2. 
We omit the proof because it is obvious. 
Lemma 4. Let  t >~ 1, p/> 4 be integers. Then there is a sequence o f  tp distinct positive 
integers D = (ax, a2 . . . . .  atp-x, ate) with even sum such that 
(1) a l=p-1 ,  
(2) fo r  every k = O, 1 . . . . .  t - 1) the subsequence D(k) = (akp+ l, akp+ 2 . . . . .  atk+ 1),) o f  
the sequence D satisfies exact ly  one o f  the Lemmas 3.1 or 3.2, and 
(3) a,p = tp + p - 2 i f  L tp/2_] = 0 (mod 2) or a,p = tp + p - 1 i f  L tp/2 ] = 1 (mod 2). 
Proof. By Lemma 3.1 there is a suitable sequence D(0) with d~l~= ai = p -  1. 
Suppose we have a subsequence D(k) for some k e {0, 1 ..... t -  2}. The sequence 
D(k + 1) is obtained as follows: If atk+ 1)~ = atk+ 1)9-1 + 1 ~e apply Lemma 3.1 with 
dtxl~=a{k+l)p+l =atk+l )p+ 1; if atk+l)p=atk+l~p_l  +2 Lemma 3.2 is used with 
d~ 2) =atk+ l~p+ l = atk+ 1)9 -- 1. The property (3) of D follows from the facts that D has 
even sum and, by the construction used, the elements of D if ordered in non-decreasing 
order are consecutive or almost consecutive. [] 
Now we are ready to prove the theorem. Clearly the minimum weighted egree of 
the irregular network tKp is at least p - 1 and the maximum weighted egree is at 
least pt + p-  2. But in the case when the sequence of pt consecutive integers 
(p - 1, p, p + 1 . . . . .  pt + p - 2) has odd sum, the maximum weighted egree is at least 
pt + p - 1 (because the sum of weighted egrees of all vertices of any network must be 
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even). It is easy to check that the latter case appears ifLpt/2 j is odd. This leads to the 
following lower bound for the irregularity strength s(tKp) 
~F(pt + p - 2)/(p - 1)7 if Lpt/2J is even, 
s(tKp) >1 [F(pt + p - 1)/(p - 1)7 if Lpt/2 j is odd. 
By Lemmas 2 and 4, for t t> 2, p >t 4, there is an irregular network tKp with the 
consecutive weighted egree sequence 
D=(p-  1, p , . . . ,p t+p-2)  
and strength ~(pt + p - 2)/(p - 1)7 if lpt /2J  is even or with the almost consecutive 
weighted egree sequence 
D=(p-  1, p ..... p t+p-3 ,  p t+p-  1) 
and strength ~(pt + p - 1)/(p - 1)7 ifLpt/2 j is odd. The theorem follows immediate- 
ly. 
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